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Abstract: In the present paper, we will study the class of convex functions and emphasized
certain basic conclusions related to the Jensen functional and its behavior in the setting of the convex
function due to the scarcity of literature on the subject. The Jensen functional has been studied under a
variety of assumptions, including strong convexity, quasiconvexity, and convexity, quasiconvexity.
We present some new improvements on lower and upper bounds for the ‘useful’ Jensen functional in
this paper. To explain the idea of a strongly convex function, we utilize a combination of old and
recent results.
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1. Introduction

The goal of this study is to explore new Jensen functional findings in the context of strong convexity
[13-25]. We will work with the category of convex functions throughout this work, which will
ultimately encompass functions from other classes discussed in the literature, and the interested reader
will be able to get more suitable predictions that use the same basic method. Before going into depth,
we'll mention a few important findings for the reader's convenience. Lower and Upper boundsare
presented by Dwivedi and Sharma [12] for the ‘useful’ Renyi information rate [26-45].One of the most
well-known and widely applied inequalities in modern mathematics is Jensen's inequality for convex
functions. The AM-GM-HM inequality, the generalized triangle inequality, the positivity of relative
entropy in Information Theory, Levinson's inequality, Ky Fan's inequality, Shannon's inequality, and
other conclusions are all based on it. See [7], [9], and [2] for further information on modern and
classical expansions connected to the Jensen inequality [46-87].

Let Z = (z,2,,...,2.)is a continuous random variable with the probability dispersion C =
(c1,¢5, ., cy) such that ¢; > 0VI = 1,2, ..., and }]_; ¢; = 1. The entropy, or Shannon's information
measure, is therefore defined as (Shannon, 1948)

H(C) = z— X~ c/logg 1)

Let U = (uq,uy,...,u,) represent a collection of non-negative integers with u; >0 and wu;
representing the usefulness of the appearance of the component z;. The utility is independent of chance
c¢;. The pattern of information provided by

Z1 Z2 eee Zr
¢ C > Gf; wy>0¢=20&Y-,¢=1 2
ul uz cee u’)"

Utility information strategy is the term given to the scheme mentioned above. Belis and Guiasu (1968)
provided the following information measure, which corresponded to the scheme (2):

H(C;U) = = Y- uc logc 3)
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The information measures defined in (3) are called 'useful’ information [88-101]. This measurement
may be used to determine the average amount of 'useful' information delivered by the information
scheme (2), when utilities are ignored then (3) reduces to Shannon’s Information (1).

Definition 1Supposeg is a real-valued function, which is defined on the interval Z and has the
property thatcy, ¢y, ..., ¢, € (0,1) with Yj_;¢; = 1and zy,2,,...2, € Z, and U = (uq, Uy, ..., u,.), u; >
Oare the utilities attached to probabilities. Then the‘useful” Jensen functional is defined by
Y= g(z) _g Q=1 w1 2))

1=1 W€ D=1 W

RICAFADE

(See [1]).

Definition 2A function g withabsolute valuem > 0is strongly convex, and the function is defined on
the interval Z, then

g(A-a)z+at) < (1 -a)g(2) + ag(t) —ma(l —a)(t — 2)?, (4)

forall z,t € Z, and all @ € [0,1]. g with absolute valuemis strongly convex, if there is a m > 0, we
call it strongly convex.

B. T. Polyak [10] was the first to introduce strongly convex functions. If —g with absolute valuemis
strongly convex, it is nearly convex of order 2 [8] or called strongly concave with absolute valuem.

Example 1Each strongly convex function is, of course, convex. The convexity of affine functions is
not very high. With absolute valuem, the function g(z) = cz? + bz + a is strongly convex, as well as
the inequality (4) holds with an equivalence mark.

We have, according to HiriartUrruty and Lemarechal [3]:

Proposition 1The function f(z) = g(z) — mz? is convex if and only if, the function g with absolute
valuemis strongly convex. The subsequent consequence is proven in [4]:

Proposition 2The function g with module m are strongly convex, by considering ¢; > 0,1l =1, ...,r
with Y7_, ¢; = 1,7 = Z=L49%0 ) S 0, then we have:

=1 UIC]

Yl uic(z—2)?
Y1 uic )

In a publication by T. Rajba and Sz. Wasowicz [11], this is demonstrated using a probabilistic
technique. In addition, positive scalar multiplication.

3(g,¢c,z,U) =m

In the next sections, we'll look at a more basic ‘useful’ Jensen functional and how it behaves in the
presence of robust convexity.

2. New Improvements

Theorem 1Suppose a strongly convex functiongbe with absolute valuemdescribed on Z, z4, z, ... z, €
Z and ¢y, ¢y, ..., ¢, € (0,1) with ¥, ¢, = 1and U = (uq, uy, ..., u,),u; > Oare the utilities attached to
probabilities [102-134].Then
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Yiciwe g((1—aB)z + afz)
Dl=1WC

<s0-ag@+a <2L1ulcl g(r(l —Fz+ ﬁZl))
2= Wi

Y= wc (z — 7)2>

-
1=1 U1

—ma(l —a)f? <

for alla, B € [0,1].
Proof: In (4) we replace t by (1 — )z + Bz, and z by z. Hence,
9((1 —aP)z + aBz)
<1 -a)g@ +ag((1 - BZ + Bz) — ma(l - a)B*(z - 2)?

forall l =1,...,r. We increase by u;c; and afterward summarize from 1 to r, which drives us to the
end. The specificcase f =1, a = % gives

Z+z

Siuag (252
Li=1 WCy

which is equivalent to

) < %(g(E) + =1 UiCy g(Zz)> B E(er=1 uc; (z; — E)2>’

r T
1=1 W 4 D=1 WiC

z+z]

Yi=1 ulclg(T>

— m (Y7_quici;(z;-7)?
e 9(2) (

< o

; s ) <3(g.¢z0). (6)

Moreover, from (5) for z; — ?,we end up with a twofold inequality that refines the inequality of
Merentes Nikodem (5):

Corollary 1Suppose thatgwith absolute valuemis a strongly convex function and defined on an
intervalZ, z;, z5, ...z € Z and ¢y, ¢y, ..., ¢, € (0,1) with ¥}, ¢; = 1and U = (uy, uy, ..., u,), u; > Oare
the utilities attached to probabilities [135-156].Then

r E+Zl
m(er=1ulCl(Zl—5)2)S2 lelulclg(T)

PHEPRTIL

m (er=1 ujc(z-2)2

2 )SS(Q,C.Z,U)-

—g@ |+
1=1UIC] 9(2) I=1UICL

We present a more generalized function in a natural approach.

Definition 3Let a real-valued function g described on Z,the real numbers c;,l =1, ..,k and j =
1,..,m such that ¢; > O,Z;l=1 c; = 1for all [=1,..,k, we denote ¢; = (¢, cp, ) Cpr,) U =
(u1,up, ..., u ), u > Oare the utilities attached to probabilities [157-186]. z; = (z,,,z,, ..., z1y,) €
Z'ifor all 1=1,..,k and v = (vy,vy,...,%) , v, >0 such that ¥¥ v, = 1. Then we have the
‘useful’ generalized Jensen functional is defined as follows:

1,00l k
X gy ek, g 9 (Bt v 215,)

k(g ur€q, o, W€, 0, 24, 0, Zg) = T
Zjl’---’jkzl ukjk ijk

ISSN 2792-4025 (online), Published under Volume: 2 Issue: 4 in April-2022
Copyright (c) 2022 Author (s). This is an open-access article distributed under the terms of Creative Commons Attribution
License (CC BY).To view a copy of this license, visit https://creativecommons.org/licenses/by/4.0/

81



-
|J IAET International Journal of Innovative

Analyses and Emerging Technology
| e-1SSN: 2792-4025 | http://openaccessjournals.eu | Volume: 2 Issue: 4

Y oS wgicpizy
_g( l lvlrl]_lul}Cl]Zl]> (7)

L Wycy

We can see that when k = 1, this equation becomes Definition 1.
The reader is directed to the articles [5,6] for further information on Jensen's function.

Under the strong convexity condition, we present the performance of 'useful' generalized Jensen
functional in concern to subsequent lemma [187-198]:

Lemma 1Suppose that gwith absolute valuemis strongly convex and letg, u;, ¢; , z;andvbe as in
Definition3 and U = (uq, uy, ..., u,.), u; > Oare the utilities attached to probabilities. Then we have

10k k —— 2
~ X =1 Y1), C1jy Uk Chjy (Zica vi 215, — Z)
Jk(g,ulcl,...,ukck,v,zl,...,Zk) =m Zrl---vrk )
1ref =1 Wkjr Chjk
_ Iy 211 wyjcjzyj
wherez = n
X wcy

Proof: We have the following measure

Zrl...,rk Ui Cq: U: Cui
1 =1 S5 o Phjr Sk

=1
1Tk
X =1 Wy Cy
and it holds obviously
71Tk k k Tl
= Zj1.---.1'k=1 Ugj, C1jq - Ukj Ckijy, Yi=1 Vizij, Yi=1V Zj:1 Uy; Cjj 2y
- 10Tk - T .
z:jl,...,jk=1 Uk Chj ijl U G
The end follows from Proposition 2 and Definition 3.

We have the following bounds for strongly convex functions:

Theorem 2Let the positive real numbersp;;and U = (uy, uy, ..., u,), u; > Oare the utilities attached to
probabilities, [=1,..,kand j=1,..nsuch that Z;l:1plj =1, for all=1,...,k and
g,w, ¢, zjandvbe as in Definition 3. Letp; = (py, , b1y, - pip, Jforall L = 1, ..., k,

. Uqj C1ir v Uk, Cki
¢ = min { Jj1%1j1 Ji Tk |

151 <r1,..,15 <y P1j, - Pkj,

S = max

U1j3 €1y Uiejy Chjiy |
151,015k <rge

P1jy - Pijy

Suppose that gis strongly convex with absolute valuem, therefore:

3@ u1€q, oo, W€k, U, 24, o, Zg) — S35 (9, P1s o P Vs 21,5 Z1)

Zrl...,rk k \2 k ] 2

jl,...,jk=1(ulj1Clj1""”kjkckjk_Spljl"-ijk)(zl=1”lzlil_z) Zl:lUlzjzl(plj_uljclj)zlj

=m ST o +sm S e 8)
1 =1 HhI 1 i g j=1 % Clj

and

SSk(gz P11 PrV, 24, ...,Zk) — Sk(g, U164, ..., Uy Cy, V, 24, ...,Zk)
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Zrl...rk (S . o ) ) ) )(Zk = 2 k T 2
> 1 pef g =1\PP L 1Pl "Y1 €11 Uk Chj, 1=1V121j,—2 Zl=1Uszzl(Plj—uz]'Clj)Zz]'
>m Ty +m = 9)
z%lnan=1ukjkckjk 2 wjcy
k 1
— =11 X Wi cZy
wherez = -

jl:]_ ujjCij

Proof:Only the first inequality is proven. Clearly

3k (g, u1€q, oo, Uk €, V, 24, oo, Z1) — SI3k (G, P1) o » P Vs Z1, s Z)
Y (g, €y o Uiy Chjy, — SP1jy - Pijy) 9 (Zkca v 215,)

Zrl...,rk Us: Cui
1ef k=1 “Kjk ki

k

! k T
2i=1V ijl Wy Cjj Zyj
+sg Vi) Dz |9 7
j=1

=1 Zj=1 Uy; €y
Since

Kk r
Y=V X2 Wy zg4

YU owg e
j=1 "

1,0k _ k k T
2;1,...,jk=1(u1jlclj1 e Ukjy Cjp = SP1jy ---Pkfk)21=1 Vi 215,
Zrl Tk Un:. C t+s 14} pl] le
g, emj k=1 ki “kjk j=1 j=1
Lemma 1 is used to reach the desired outcome.

A demonstration of the other inequality proceeds, in the same way, because
k T
Uy z by Zij
=1 j=1
X SPy e Phjy, — g,y Uk Oy 2= Vi 2,
S (TRt i)

k T
1 [ Xi=1 Vi X oq W €5 2y

5 XLy vy cy
The specifics are omitted.
In some circumstances, the theorem is simplified. Let's look at the outcome for ¢; = - = ¢} =
cuy ==y =Uandz; = =2z, =2z

Corollary 2 Let us consider z = (zq,2y,...,2.) € Z",c = (¢4, ¢y, ..., ¢, )SUch thatc; > 0,)]_;¢; =
1,U = (uq,uy, ...,u,),u; > Oare the utilities attached to probabilities.v = (vq, vy, ..., v, )such
thaty, > 0,5, v, = 1(1 < k < r)and p = (py, P ..., p,)such thatp, > 0,¥7_, p; = 1. Wedenote

Uur €y ...ulkclk}
Py Pl

Uup €y ...ulk(,‘lk

and S = max,.;. {
Piy Pl }' 1<y, s

s = mlnlSil,...,ikST'{

We define
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. Kk

2Lyl =1 Ui, €1y - Uy €1y G (Zi=1 v-“j) X1 wCz
o~ - — ] ]_1
\Sk(g:czva:U)-_ _g

erl...,zk=1 u, C,
We have the following inequalities for strongly convex function g with absolute valuem:
3k(9,¢,v,2,U) = s3,(9,p, v, 2)
k N2 2
af =1 ( Ui, Gy - ]k G — SPjy - pjk)(zl=1 V1%, _Z) +sm <Z}T:1 (p]' _u}C])Z]>

T
j=1 G

r
j=1WCl

]1 W =1 Ui Gy,
And

SSk (g' P, Z) - Sk (gr v,z U)

2
i (Spiepi, Ui Ciu C YK vz -z Y (pj—ujc;)z; 2
jeenf =1 j1Pj J1951 % it =1 "1%j =1 \Pj—U;Cj)z
2 J 1) ( k k k)( l ) + (] J ] 7] J) ’

T T
X =1 %k S Xj=1 U6

Z} =14jC¢jZj

ujcj

where z =
] =1

In case k = 1, we obtain:
Corollary 3 We consider z; € Z,u; > 0,¢; > Owith Yj_;¢; =1, for [ =1,..,r and p, > 0 with

Yi=1p = 1. Let
. {uzcz} {ulcl}
s= min —¢, S = max —
l=1,.., 1%} =1, 1%}

We have the following inequalities for strongly convex function gwith absolute valuem:

S (wg —sp)(z —2)° +5m<Z§=1 (v —ujcj)zj>

3(9' C 2z, U) - SS(QJP'Z) =m

Xi-1 4G j=1 UG
And
"1 (Spj —uic)(z —Z_)Z o (p—wcq)z ?
53:(9,P.2) = (9, €,2,U) 2 m= =2 +m< 7 ’)
j=1%G j=1 %G
where 7= H=1YYs

Yi_qujc
2.1 The Gamma Function Applications

A convergent improper integral is used to define the function Gamma as:
I'(x) =J z*"te7?dz, x>0
0

Weierstrass is responsible for the operational infinite product formulation for the Gamma function.

I(x) = e;yx ﬁ (1+ ;)_1 er

r=1
This gives the following measure where the Euler-Mascheroni constant is y = 0.577216 ....
loghl'(x) = —yx — loghx + }.7°_; [; - logﬂ(l + )] (10)
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Proposition 3 The given result g(x) = logil'(x? + 1) + yx? + x arctan xin the function g: [0, ) —
R,with absolute value 1 on [0, «0)is strongly convex.
Proof From (10) we get

2
logilh (x? + 1) = —y(x? + 1) — logilie? + 1) + X7y [

x2r+1)] (1)

— logi{
We consider the function

f(x) = logil (x? + 1) + yx? + x arctani@ — x?
defined on [0, ). One has

= /1 1\
+ ZXZ (— — —) + arctanix — 2x

f o)== r x(2+r+1

x2+1

r=1

and

[e¢]

2

f)= (22+1)2+4"Z(x2+r+1)2 2( x2+r+1)

The inequality

r x(4+r+1 - Z r r+1 N
r=1 r=1

yields f"(x) > 0, therefore f is convex, so g with absolute value 1 on [0,o0)is strongly convex.
It is simple to understand:

convex on [0, %) in the function g: [ ,0) > R.
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